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Analytical approach to Gaussian states One-mode representation of the CCR’s

Outline:
@ Analytic approach to Gaussian states:
e one-mode representation of the CCR’s,
e analytic Gaussian states, mean value vector and covariance.
@ Combinatorial approach to Gaussian states:

e moments of the field operator on Gaussian states (Weyl moments),
e Gaussian maps on algebras,
e boson Gaussian states.

@ Equivalence of analytic and combinatorial approaches.

© Examples of Gaussian states and channels:

o Gibbs state,
o coherent states and channels,
e squeezed states and channels.

Roberto Quezada Gaussian states analytical and combinatorial Mini-Meeting-IIMAS-2023



Analytical approach to Gaussian states One-mode representation of the CCR’s

On h = Lp(R, ) with du = 1(x)dx and 1(x)
Consider
Qf(x) = xf(x),
d

Pf(x) = —iaf(x),
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Analytical approach to Gaussian states One-mode representation of the CCR’s

W, = ezezT—Ea — g2ip(2) (ze@)

donde p(z) := —J.(za' - za) is the field operador.

p(z) is self-adjoint.

p(tz1 + z2) = tp(z1) + p(z2), teR

W, is a unitary operator, with Wy = 1.

W; = W_,.

W, W, = e z0OW, .

Wi W, = W(t+,)z, t,r> 0.

t — Wi, is a strongly continuous unitary group.
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Analytical approach to Gaussian states Quantum Fourier transform

The Wigner transform or quantum Fourier transform is

Flol(z) == %tr (oWy) = —tr(pe_2ip(z)), pely(h); zeC.

We consider the symplectic space (C, (-, -)), with (z, u) := Re zu; z,u € C.

A state p € L1(h) is Gaussian if there exist w € C and S € Bg(C) real
symmetric such that

Flol(z) = %e—«wﬂ—;(z&) , vzec.

o If w = V2(I - im) we call I, m the momentum and mean position
vectors.
e S is the covariance matrix.

~((1,81) (1,Si)
s=(tisn Ga):
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

We will show that, under suitable conditions on the pair (A, p), all moments
of an observable A in a state p can be computed by using derivatives of the
functions tr (pe‘t(’A)"), which involve tr (0A"), n € N,
e Formally the n-th moment of A in a state p is tr (0A").
e But tr (0A™) requires a rigorous definition if the observable A is
unbounded.
e tr(pA") exists for all n > 1 if the pair (p, A) is regular enough: for
instance if the observable A is bounded and p is any state.
e If A is an unbounded observable, u € domA and p = |u){u|, then
tr (pA) = (u, Au)
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

To define moments of an unbounded observable in a state p, we use the
well know properties of Yosida’s approximations, for unbounded selfadjoint
operators.

Given € > 0 and an infinitesimal generator A of a strongly continuous
semigroup of contractions e~*, with t > 0, it follows that
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

o (I+eN)™"is a contraction in B(H), and A, := A(I + eN)™" € B(H).
e In addition, for u € H,

t tA

lim(I+eN) 'u=u, lime™Mu=e"u,

e—0 e—0

@ while for u € domA,
(I+eN)"Au=A(I+eN)"u, lim Acu = Au.

o The operator A. is the infinitesimal generator of the uniformly
continuous semigroup of contractions e~
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

The above conditions are satisfied if :
o A = %iA, where A is an observable, i.e., a selfadjoint operator.

e A is any positive self-adjoint operator A (generator of a strongly
continuous semigroup of contractions).

e Inthe last case, (I + eA)‘1 and A increases to | and A, respectively.

Roberto Quezada Gaussian states analytical and combinatorial Mini-Meeting-IIMAS-2023 9/48



Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

Definition

A non-necessarily bounded selfadjoint operator A is integrable with respect
to a state p (p-integrable for short) if both limits

lim tr (0(A+)e) and lim tr (o(A-)e)

e—0 e—0

exist. In such a case we write

tr(pA) = !mtr(p[(AJr)e = (A-)e]) - (1)

The usual trace is recovered when A is bounded.
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

Example: In the case when p = |uXu| and A = A* with u € dom A, then A
is p-integrable and

tr (pA) = (u, Au) .
Proof: Since u belongs to the domain of A, it follows that
tr(pAy) = lim tr (p(At)e) = lim u, (A4 )eu) = (U, A ) -
Analogously, tr (0A-) = (u, A_u). In this fashion, one obtains that
tr (pA) = Elm) (tr (p(Ay)e) —tr(p(A-)e)) = (u, Ay u) — (u, A_uy = (u, Auy ,

as required.

Roberto Quezada Gaussian states analytical and combinatorial Mini-Meeting-I1IMAS-2023 11/48



Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

The above definition can be extended for any normal operator A as follows
tr (pA) = Iirr(l)tr (p(Re A)+)€) - Iirrg)tr (p((Re A)_)E)
+itr (p((Im A)+)E) —i Ell_rg tr (p((Im A)_)e) ,

whenever the limit exists.
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

“Ampliation” of positive operators and semigroups
For any state p and any bounded positive selfadjoint operator A, we have
that

2 2

In this fashion, one can represent states by unit vectors p% in the Hilbert
space Lp(h). Moreover, one can carry the observables and semigroups
defined on h to corresponding observables and semigroups acting on the
space Lp(h). Indeed, following [Kraus-Schroeter], we consider the more
general left multiplication operator Mg defined by

Mgp = Bp, B e B(h)

which is bounded on L, (h), with norm ||[Mg]|| = ||B]|.

Roberto Quezada Gaussian states analytical and combinatorial Mini-Meeting-I1IMAS-2023 13/48



Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

Regard the isomorphism V from Ly(h) onto h ® h defined by
V0uXvl=u®ébv,

which is extended by linearity and continuity to the whole space h, where
is any anti-unitary operator on h such that 2 = 1. One directly computes
that

VMgV 'u®v =VI|Buxbv|= (Bel)uav.
Thereby, it follows by linearity and density that
VMgV ' =B@® 1.

Hence, we can identify Lo(h) with h®h and consider the operator B — B® 1
instead of Mp.
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

If U(t) is a strongly continuous unitary group on h and A is the corresponding
unbounded selfadjoint generator, with associated spectral measure (E;) k-
Then

u(t) = f e"dE; .

The unitary group U(t) ® 1 and the spectral measure (E, ® 1) have the
corresponding properties, in particular,

utel= fe’“d(Em 1).
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

Let (U(t)),er @nd (E,) oz be the corresponding unitary group and spectral
family on La(h), such that

VUV =U({)e 1, VteR.

Consider A the corresponding selfadjoint generator and the representations

A:f/ldE/l, Ut:feideA,

whence if A is positive, then so is A. From [Lemma 2, of Kraus-Schroeter],
the explicit action of A is

An = An, forall n € dom(A) ={peLy(h) : ApeLy(h)}. (2)

We will freely use spectral functional calculus for unbounded selfadjoint
operators.
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

Lemma

A positivg s1elfadjoint operator A is integrable with respect to a state p if and
only if A2pz € Lp(h). In such a case, one has that:

tr (pA) = f/ld<p;,Ep;>2 = <A%,01§,A%,01§>2 5 (3)

where E is the spectral measure of A. Besides, for the spectral
decomposition p = ) xcn Pk [Uk XUk|, equation (3) turns into

tr(pA) ZZpk|

keN

1 2
A2Uk|' .
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

Sketch of the proof:
If p is A-traceable then for a unit vector h € h,

<p%h,A€p%h> <tr (p%Afp%) = tr (pAe) < o

for all € > 0. Thereby, <p1éh,AEp%h> increases as € — 0, to the finite value

[|A %p%h||2 and one obtains that ranp% C dom AZ. Besides, if {uk}keay is an
orthonormal basis, by the monotone convergence theorem,

2 2
”A%p% )= E HA%p%uk” = Iirr(l) E <p%uk,AEp%uk> =tr(pA) < . (4)
€E—>
keN keN

Hence, Azpz ¢ Lo(h).
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

Conversely, if A%p% € Lo(h) then p% € domA%, i.e., fxld(p%,Ep%>2 < 09,
Besides,

A1 +e) <A, €120.

Thus, by Lebesgue’s Theorem on Dominated Convergence,
tr (pA) = lim <p%,A(/—eA)—1p%>
e—0 2

/‘l 1 1 1 1
— iim d{pt Ept) :fm( LEpt)
e|—>0f1—|—€/l 50 2 . 2

as required. Equalities (3) and (??) are straightforward from (4) and (5).

()

Roberto Quezada Gaussian states analytical and combinatorial Mini-Meeting-I1IMAS-2023 19/48



Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

Let p be a state, A a selfadjoint operator and n > 0. If (A") is p-integrable
then

(A7) = e (pA") = " Tt (0™) 110
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

Remark: For n > 0 and a Gaussian state p, if (p(z)") is p-integrable, then
Theorem 3 implies that the n-th moment of the field operator (Weyl moment)
in p satisfies

(p2)"), = (op(2)")
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

Indeed, we have the following

The n-th moment of the field operator p(z) in a Gaussian state p = p(w, S)
is given explicitly by

n nd" it(w,z)-31?(2,82)
(p(2)"), = (i) gttea)1eese) 4,

Therefore, denoting by <(2p(z) —(w, z))n> the n-th centered moment of
o)

p(z) in p, the following recurrence relation holds:

n 0, for n odd
<(2p(z) - (W’Z)I) >p B (z,8z)2(n— 1)1, for neven
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Combinatorial approach to gaussianity Moments of the field operator in Gaussian states

This motivates the following combinatorial approach to Gaussianity.

[Luigi Accardi, Generalized gaussianity: states and semigroups, talk given
at UAM-Iztapalapa, September 2022.]

Allows to include other classes of Gaussianity: Fermionic-Gaussianity, Free-
Gaussianity, Monotone-Gaussianity,...
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

Gaussian maps on algebras

In this section, the term algebra means a complex associative algebra with
identity.

Definition

A pair partition of the ordered set {1, ... ,2p} (p € N) is a set of pairs
{in,jn¥y_, such that

ik, jx}fo_4 is a partition of {1, ... ,2p}

(6)

ik <jk, Vk:1,...,p

v

Let B be a topological algebra. A sub—set B C B is called a set of generators
if the linear span of products of elements of B is dense in 8
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

Definition

Let 8 and C be algebras with C commutative and let E : 8 — C be a linear
map. Given a set of generators B C 8 such that for any by,...,b, € B,

E(by----- b,) = 0if nis odd (7)
and, foreacheven n =2p € N
E(br -+ bep)

1
=— > E(bi;by;) - - - E(bj,bj,) ®)
" (it o2 - 3ipodp)EPP(2p)

then E is called a (mean zero) boson-gaussian map on 5.
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

A combinatorial boson Gaussian state is a pair (8, E), where B is an
algebra with a notion of positivity (C*-algebra) and E is a complex-valued
(i.e., C = C) positive and identity preserving Gaussian map on 8, i.e.

E(1g) =1¢

Roberto Quezada Gaussian states analytical and combinatorial Mini-Meeting-IIMAS-2023 26/48



Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

Example: The case when the set B consists of a single element: B =
{b}

In this case, setting
b1:b2:---:b2p22b (9)
in the identity for the mixed moments

E(by - byp) = Z E(bi,bj,) - E(bi,by,) (10)
(i1,f17 i2sf2; ... 1iprjp ) €PP(2p)

one finds
E(b%P) — D E(b%)P = PP (2p)| E(b%)
E; ,:) ;),-lz,,-z; -~ 3ipsjp)€PP(2p) (11)
_ 2Pp!. E(b?)P = (2p-1)NE(b?)P,  VpeN

which are the moments of a boson gaussian random variable with variance
E(b?).
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

The set of all combinatorial Gaussian states is denoted by Eg. The quantity
Q(b1,b2) = E(b1 'bg)

is called the E—covariance (or E—2-point function) of the family B. The ex-
pectation values E(by - - -bgp) are called the generalized mixed E-moments
of B (or correlators, or correlation functions).
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

This section aims at proving the equivalence of the combinatorial and the
analytical approaches to gaussianity. To do so we shall introduce the no-
tion of combinatorial Gaussian state field and prove that this notion is
equivalent with the concept of analytic Gaussian state.
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

Combinatorial Gaussian state fields
Definition
A combinatorial Gaussian state field (combinatorial Gaussian field, for short)
on a Hilbert space h is a function z — (8, E) from h into Eg, with B, being
a sub-algebra of a fixed algebra 8 such that

(i) The E-mean function w(z) := E(b(2)) is a bounded real linear

functional on h.
(ii) The E-covariance function S(z, u) := E(b(z)b(u)) is a bounded

positive real symmetric bilinear form on h x h, i.e., itis real linear in
both variables and

(i) S(z,u) =8(u,z), Y z,ue hand
(ii) 8(z,z) >0, ¥V z€h
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

Remark

(i) By Riesz’s theorem there exits a mean vector in h also denoted by w
such that
w(z) = (w. 2)

(ii) Notice that the element b(z) — E(b(z)) is another generator of the
algebra generated by b(z), hence, by replacing w with
w(z) = E(b(z) - E(b(z))), ¥ z € h if necessary, we can assume that
w(z) =0, Y zeh,i.e., Eis a zero-mean (or centered) field.

(iii) Clearly the bilinear form E(b(z)b(u)) is symmetric if the generators
b(z) and b(u) commute for all z, u € h.

(iv) Since the bilinear form S is bounded, there exists a bounded, real
symmetric operator S, called the covariance operator of the
combinatorial Gaussian field, such that

S(z,u) =(z,8u), Y z,ueh
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

Example: (The case of one single generator)
Assume that for each z € C, we have a combinatorial boson Gaussian state
(82, E) with B, generated by a single element b(z), and we have for each

zeC,
E(b*(z)) = Z E(b?(2))P = IPP (2p)| E(b?(2))P
(i1 I2:j25 - 3ipsjp ) EPP(2p) (12)

(22;;0)' E(b?(2))P = (20 - 1) E(b*(2))’.  VpeN
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

The algebra B, generated by p(z) coincides with the algebra generated by
the shifted field operator p(z) +cl, ¢ €C.

Lemma

Letp = p(w, S) be an analytic Gaussian state and for each z € C, let B, be
the algebra generated by the field operator p(z). Under our assumptions,
the state p induces a combinatorial boson Gaussian field (8, E,) with

E, : 8, — C defined by means of

E,(b(2)) :=tr(pb(z)), b(z) € B, (13)

4
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

We already proved that if p is analytic Gaussian, then (8;, E,) is a combina-
torial boson Gaussian field. Indeed,

E(b(2)) = ((20(2) - (w.2)))") =1 for n odd

p |(z,82)Z(n—1)1, for neven

and (z,Sz)z = Ep(b(z))

Roberto Quezada Gaussian states analytical and combinatorial Mini-Meeting-I1IMAS-2023 34/48



Gaussian maps on algebras

A state p is analytic Gaussian if and only if the corresponding pair (8, E,)
is a combinatorial boson Gaussian field.
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

Proof. It suffices to prove that any combinatorial boson Gaussian field
z — (8B, E) of the form (13) is induced by an analytic Gaussian state.

Let E be the spectral measure of p(z) on Ly(h). By the previous Theorem 3,
Lebesgue’s Theorem on Dominated Convergence and the combinatorial
recurrence, one has that

o~ (w.2)t Z %tr (p(p(z))n) 1 :fe—t(w,z)—f—Zt/ld <p%,Ep%>2

n>0

(14)

1 n n
:g‘) m(z, Sz)"(2n - 1)1t

_ Z l((z’zsz) )nt2n _ e%(z,:’:‘z)t2 ’

since (2n— 1)1l = (2n)!(2"n")~1.
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Combinatorial approach to Gaussian states: the boson case Gaussian maps on algebras

Then, the moment-generating function of the observable p(z) in p satisfies
Gop(z)(t) = eWDH2(ESDE -t R

Replacing t by —i, we get

tr (sz) = Z %tr (p(’p(z))n) — e—i(W,Z)—%(Z,SZ)

n=0

Consequently, p is an analytic Gaussian state.
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Examples: states and channels

Vacuum state

For the vacuum state Q = |1X 1], where 1 is the ground state that belongs to
domp(z)" for all n > 1, we have

for odd n

n\ _ on my = 0,
<(2p(z)) >Q—2 (Lp(2)"1) = 1zI" (n—1)11, forevenn

So that, Q is Gaussian, Q = Q(0, /).

Roberto Quezada Gaussian states analytical and combinatorial Mini-Meeting-1IMAS-2023 38/48



Examples: states and channels

Gibbs state at inverse temperature 8 > 0

The Gibbs state ps = (1 — e7#)e2'2 satisfies

~ o, for n odd
<(2P(Z)) >p/3 - |Z|n (COth (,8/2))3 (n - 1)!! , forneven

So that, pg is Gaussian, indeed pg = pg(0, coth (8/2) I).

Roberto Quezada Gaussian states analytical and combinatorial Mini-Meeting-I1IMAS-2023 39/48



Examples: states and channels

A completely positive trace preserving map T acting on B(h) is a quantum
Gaussian channel if for any initial Gaussian state p the output state T(p) is
also Gaussian.

One can produce more examples of Gaussian states using quantum Gaus-
sian channels.

For L unitary, A selfadjoint and any A-traceable state p, it follows that

tr(LpL*A) = tr (oL*AL) . (15)
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Examples: states and channels

Coherent channel

|

For u € C, the coherent channel T,(p) = W ,poW; is Gaussian. We first note

that p(z) = 2dtWtz1t o and

p(z2)W, = > jt Wi Wy 1t=0= éjte_znp(z) Wy Wiz 1t=0 (16)
= Wy (p(2) + o(2.u) = Wu (p(2) - (1u.2)) .
where we used that o(z, u) = —(iu, z). )
Thereby, it is easy to compute by the binomial formula that
(2p(z) — (w = 2iu, 2)1)" W, = W, (2p(z) - (w,2))", neN. (17)
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Examples: states and channels

Thus, for a Gaussian state p that is traceable for (p(z)").., one has by virtue
of (15) and (17) that

tr(Tulp) (20(2) - (w - 2iu, 2)1)") = {(20(2) - (. 2)))") .

i.e., then (p(z)"). is Ty(p)-integrable and satisfies conditions of our Theo-
rem. Hence, it is Gaussian with mean value w — 2ju and covariance S.
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Examples: states and channels

In particular, if p is the vacuum state, then the coherent state
lyuXwul = Tyu(I1X1]) is Gaussian with mean value vector —2ju and
covariance matrix /.
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Examples: states and channels

Squeezing channel

The squeezing channel is given by S;(p) = S;pS;, with { € C. The
squeezing operator given by

S =@ lE)  rec

which is unitary and satisfies S; = S_;.

44/48
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Examples: states and channels

For any Gaussian state p which is traceable for (p(z)")+, n > 0, it follows by
(15), (??) and the binomial formula that

tr (sg(p) (20(2) - (Urw, z)/)”) — (ps;: (20(2) - (w. U2)1)" sg)

=tr (p (2p(U§z) —(w, U{z)/)n)
)0, for n odd
(= U;SUgz)2(n— 1)1, for neven

where U, is the invertible, symmetric and real matrix

. [coshr —sinhrcos @ —sinhrsin6
U= ( —sinhrsing  coshr + sinhrcos 9) € 3x(C)

and U;z = zcoshr — ze" sinhr.
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Examples: states and channels

Therefore, S;(p) is (p(z)").- traceable and one infers by virtue of our Theo-
rem that it is Gaussian with mean value vector U;w and covariance matrix
U;SU;, where S is the covariance of the initial state.
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Examples: states and channels

The squeezed coherent state is given by

Ps = S§Wu|]lX]l| WZ ; = S{(TU(UIX]“)) > ({, ue C)

which is Gaussian with mean value vector —2Uiu and covariance matrix Uf.
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tates and channels

Thank you for your attention!
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